We consider conditions for the existence of boundary modes in non-Hermitian systems with edges of arbitrary co-dimension. Through a universal formulation of the formation criteria for boundary modes in terms of local Green functions, we outline a generic perspective on the appearance of such modes. In the process, we explain the skin effect in both topological and non-topological systems, evaluate bulk-boundary correspondence in the presence of non-Hermiticity, and generate a dispersion relation for the associated edge modes. This is accomplished via a doubled Green's function approach, inspired by the doubled Hamiltonian methods used to classify Floquet and, more recently, non-Hermitian topological phases. Our work therefore constitutes a useful and general tool, as well as, a unifying perspective for this rapidly evolving field.
Introduction -Non-Hermitian physics has attracted an ever increasing interest, culminating in the generalization of many concepts of their Hermitian systems, including e.g. notions of Berry phases and Chern numbers [1, 2] . As such, non-Hermitian physics has emerged from a curiosity-driven pursuit to a more experimentally relevant endeavour, supported by a number of recent achievements [3] [4] [5] [6] [7] . An intensive exploration of these ideas dates back to late 1990s when it was shown that non-Hermitian Hamiltonians can possess real-valued energy spectra in case of PT symmetry [8] . More recently, non-Hermitian Hamiltonians have been categorized into an generalized set of symmetry classes beyond the Hermitian cases. This opens up the possibility of defining novel symmetry-protected topological phases [9] [10] [11] [12] [13] , the determination of which is by and large an extension of the rather complete understanding of Hermitian topological band structures [14] [15] [16] [17] [18] [19] [20] [21] [22] . However, the classification of non-Hermitian topological phases requires a redefinition of the very concept of a band gap, which sets the topological condition in Hermitian counterparts, to a separation of energy bands in the complex plane [1] . The subtlety in defining band gaps in non-Hermitian systems comes hand in hand with the absence of clear boundary modes reflecting a topological degeneracy in the bulk spectrum [23, 24] . This poses somewhat of an obstacle as bulkboundary correspondences [25] [26] [27] lay the foundation for the classification and physical interpretation of topological phases [15, 28] .
Turning more specifically to the classification aspects, it was recently shown that a Doubled Hamiltonian approach [13, 29] , in close analogy to the evaluation of Floquet systems [29] , poses a useful strategy to determine the topology of the individual non-Hermitian Hamiltonian sub-blocks. For a given HamiltonianĤ, the doubled HamiltonianĤ is defined aŝ
which is Hermitian by construction and categorizes different topological phases by transitions through E = 0.
In the Hermitian case, it is simple to select a band via a finite energy gap. By contrast, consider the bands in Fig.  1 where there is no naturally defined real energy gap and filling cannot be well defined. This makes non-Hermitian systems more sensitive to open versus closed boundary conditions and other band deformations [13, 29] . Under open boundary conditions, the spectrum shifts, and it becomes unclear which band is even occupied. More generically, these systems are very sensitive to perturbations and are better described by a pseudo-spectra than eigenvalues [30] . Some other approaches ignore the spectrum altogether, using only the singular value decomposition to track topological invariants [31] . Such approaches avoid the breakdown of the band structure under open boundary conditions, but fail to capture the emergence or absence of edge modes at the boundary. In contrast, we note that the doubled Hamiltonian method is similar to taking a bi-orthogonal basis [24] . This work proposes a more generic framework to address the existence and robustness of bulk-boundary correspondence in non-Hermitian systems. We use boundary Green's functions as in [25] to find edge-localized bound states. This method is generalized to the nonHermitian case via a doubled Hamiltonian, and the relevant relations between the single and doubled bound states are extracted. This work proceeds with a derivation of our boundary Green's function perspective, followed by a few example applications of this formalism to some model systems, and ends with a discussion of bulk boundary correspondence in non-Hermitian systems.
Diagnosing Edge-Localized Bound States -It is known that all edge mode formation criteria can be obtained by considering the Green's function restricted to the relevant edge of the system [25, 27, 32] . A particularly simple approach considers the zeros of the restricted Green's function, G 0 (ω, k , r ⊥ ), where k and r ⊥ refer to the unbroken in-plane momenta and perpendicular coordinates of edges of arbitrary co-dimension (we focus on co-dimension-1 instances) [25] . The idea is that the full Green's function of a system with an on-site potential V is given by
where we have suppressed indices on the possible matrix structure of V that is assumed to have no spatial dependence. Poles of the full Green's function correspond to (1 − G 0 (ω, k)V) = 0. In other words, in-gap bound states are simply determined as solutions to
We thus observe that the existence of localized states is related to the eigenvalues of the local (r ⊥ = 0) in-gap Greens function G 0 ( , k , r ⊥ = 0), with the gap corresponding to the two bands under consideration. In a topological case there is always a solution in-gap for any value of the impurity strength |V| (heuristically the crossing with the line 1/|V|), whereas for a trivial system this depends on details and the mode can be tuned out of gap by increasing |V| [25] . An edge is defined by introducing a 'hard wall', V → ∞, Fig. 1 . So, given an insulator with a gap, the zeros of the restricted Green's function correspond to edge states. This condition is equivalent to and guaranteed by bulk-boundary correspondence in Hermitian systems. Additionally, this formalism tracks the locations, ω, of the Green's function zeros as k varies. While unlinked and nested bands are both "isolated" under the definition of [10] , inter-crossed bands may be "separable" if bands do not cross at the same momenta. The outlined framework is still applicable in such cases, but we focus clean band separation.
This forms, by definition, a dispersion relation for the edge mode. We take advantage of this feature to characterize non-Hermitian edge modes below. Doubled Green's Function -Instead of analyzing the non-Hermitian problem directly, we consider the doubled Hamiltonian. It is Hermitian and thus preserves the usual bulk-boundary-correspondence. We are therefore justified in using the boundary Green's function formalism and can relate it to the topological classification schemes formulated in terms of the doubled Hamiltonian approach.
We begin with a non-Hermitian Hamiltonian,Ĥ 0 with a Hermitian on-site potential,V . Doubling the Hamiltonian, we obtain
It follows that the doubled Green's function has again the form
with
Additionally, we introduce the single (undoubled) nonHermitian Green's functions.
Correspondingly, we can rewrite the doubled (Hermitian) Green's function G in terms of single (non-Hermitian) Green's functions G and G †
Since the doubled Green's function is Hermitian, the conditions for boundary modes can be read off from Equation (8) . Explicitly, when the single non-Hermitian Green's functions, either G or G † , have in-gap poles for ω ∈ R. Alternatively, Equation (8) can be reduced back to
This provides the condition
for the existence of in-gap boundary modes. Non-Hermitian Bound State Conditions -As in Equation 2, the in-gap poles of G for ω ∈ R correspond to in-gap zeros of the unperturbed Green's function G 0 . If the individual Green's functions are not singular, we read from Eq. 9 that the doubled Green's function may still have an in-gap bound state, corresponding to an ω = |λ i |,
The second case corresponds to a uniquely nonHermitian effect. The doubled Green's function has a true edge mode, but the individual Green's function poles have moved into the complex plane, such that the single bound edge modes are either growing or decaying. This phenomenon is known as the Anomalous Skin Effect -a situation wherein topologically non-trivial phases have an edge mode for only certain parameter regimes [33] . The anomalous skin effect occurs for ω = 0 zeros of G 0 and cannot occur if G 0 has a zero at ω ∈ R. Note, however, since band topology is defined by the doubled Hamiltonian, the anomalous skin effect need not be topologically distinct from a real energy bound state. Different choices of the edge state momentum, k , can in principle tune real zeros of the single Green's function into the complex plane. This is a purely non-Hermitian phenomenon corresponding to a complex dispersion relation of the edge bound state, signalling the breakdown of conventional bulk-boundary correspondence. Conversely, a real edge dispersion relation guarantees bulk-boundary correspondence.
Finally, it is also possible for the doubled Green's function to be topologically trivial, with no in-gap zeros, while the individual Green's functions have "in-gap" complex energy bound states, where the gap may be poorly defined. This is known as the skin effect, when "bulk" (defined by doubled Green's function) states pile up at the edge. These solutions may coexist with topological bound states and obscure the edge modes, meaning that on top of the topological modes from the former cases the system has extra skin modes. We tabulate the possible cases and their physical meaning in Table I .
Examples -The general framework can be concisely illustrated through a few key examples. While our formalism works for edges of arbitrary co-dimensions (see also [25] ), we here focus on two relevant examples of codimension 1 for illustrative purposes.
Non-Hermitian SSH Model -We first check our arguments in one dimension with the well-studied nonHermitian version of the Su-Schriefffer-Heeger (SSH) model [34] . Specifically,
with ξ = (cos k, − sin k, 0), η = (m, 0, 0). Computing the Green's functions is straightforward and follows the same steps as detailed in the next example. The result in Fig.  2 shows that this simple model shows both topological cases. Firstly, the model has a parameter range for which we retrieve a full bulk-boundary correspondence, where both the doubled and single Green's function have poles Doubled GF Single GF Manifestation ω = 0 pole ω = 0 pole (A) Bulk-Boundary Corr. ω ∈ R pole ω ∈ R pole (B) Bulk-Boundary Corr. ω ∈ R − {0} pole ω ∈ R pole (C) Anomalous Skin Effect No in-gap pole ω ∈ C pole (D) Skin Effect on the real axis. Changing the model parameters allows the single Green's function zeros to move into the complex plane, the anomalous skin effect. Finally, the model can also be tuned into the trivial phase, where the doubled Green's function has no in-gap zeros. Furthermore, the single Green's function may host non-universal, complex zeros outside of the doubled Green's function band gap, generating a (trivial) skin effect. Non-Hermitian Chern Insulator -Next, we consider a simple two-band model of a non-Hermitian Chern insulator, parametrized aŝ
with ξ = (cos k x , − sin k x , 0), η = (cos k y − m, 0, sin k y ), and the σ = (σ x , σ y , σ z ) and h = (h x , h y , h z ) indicating the strength of the non-Hermitian field. Subsequently, one can readily construct the non-Hermitian Green's function projected on the edge line x = 0
This integral can be evaluated using the residue theorem after substitution t = e ikx as in [25] . With the single Green's function G(ω, k y ) in hand, we now construct the doubled Green's function according to Eq. (8) . The computation again reduces to integrating the inverse of a polynomial over the unit circle in the complex plane. We plot the Green's function, and the doubled Green's functions in Fig. 3 . As before, we observe that non-trivial topology is marked by a doubled Green's function in-gap zero. This model also admits both the topological bulk-boundary correspondence preserving and the anomalous skin effect phases, for parameter regimes consistent with [33, 35] . Most importantly, we stress that the bulk boundary correspondence is rooted in the symmetry of the model. Indeed, it is a direct consequence of the pseudo-Hermiticity (∃ q such that q −1 H † q = H, implying real eigenvalues) of this model for h z = 0 [35, 36] , restricting the single Green's function zeros to the real axis. Tuning h z = 0 breaks all remaining symmetries [35] and frees the single Green's function zeros from the real axis. This shows that a possible classification of symmetries by their preservation of bulk-boundary correspondence is directly accessible through the above formalism. We will report on this shortly. Finally, we note that the dispersion relation is read off generically from the Green's function zeros, see Fig. 4 . This completely characterizes the edge state and allows for a direct comparison of the edge theory with lower dimensional systems, providing a physical context for the edges of non-Hermitian Hamiltonians, and further illustrates the universal power of our formalism.
Discussion and Conclusion -Referring to the main result, Table I , our approach captures the formation criteria underlying the appearance of boundary modes in non-Hermitian topological phases. We distinguish two cases of topological edge modes, those obeying full bulkboundary correspondence (A,B) and the anomalous skin effect (C). The boundary modes obtained for each momentum along the edge naturally define a dispersion relation, generically captured by our formalism. Furthermore, we observe that the skin effect (D) is tied to the presence of complex zeros of the single Green's function, outside of the doubled Green's function band gap. Since only the in-gap zeros of the doubled Green's function are directly associated with the topological characterization of the phase, these zeros of the single Green's functions are not. As a result, such modes constitute a nontopological, non-Hermitian, effect, tied to the broaderdefined notion of band filling. In Hermitian systems, a band gap protects the choice of band and remains well defined under arbitrary symmetry-preserving boundary conditions. By contrast, as seen in Fig. 1 , non-Hermitian bands are not separated by real band gaps. Cutting the system may take bulk states from the "filled" band to the edge, resulting in a pile up of states at the boundary. Finally, we mention that our formalism also allows for determination of boundary modes at edges of arbitrary co-dimension, being particularly relevant in higher-order topological phases. For example, checking non-Hermitian models exhibiting hinge states as in [37] , one finds that co-dimension 2 defects [38] similarly characterize the formation of boundary modes.
In addition to providing a general framework, our results are also consistent with previous works on the nonHermitian (skin) effects. Specifically:
• Changing the sign of parameters rotates the Green's function zeros, taking growing modes to negative imaginary solutions. Consequently, the system changes from having localized edge states to no states localized at the edge for the opposite parameter choice [33, 39, 40] .
• The observation of the skin-effect in both topologically trivial and non-trivial systems [33] .
• The absence of a skin effect in psuedo-Hermitian symmetric systems due to a binding of the Green's function to the real axis [3, 8, 33, 35, 36] .
We conclude by noting that the formulation above has multiple other advantages beyond those explored in this work. For example, long time dynamics of non-Hermitian systems are dominated by the largest imaginary eigenvalue. Using the edge dispersion relation, it is possible to define the stability of certain topological phases via the stability of the edge mode. Additionally, our framework can be extended as was done in [27] to keep track of topological invariants through the entrance and departure of in-gap zeros to obtain the winding numbers directly from the Green's function. This opens the possibility of checking classifications schemes [13, 41] and the bulk-boundary correspondence for each of the Bernard-LeClair symmetry classes, as also alluded to above. Finally, interactions are perturbatively well described in the Green's function language, offering an appropriate framework to generalize topological Mott insulators [42] to the non-Hermitian context. This opens up the possibility of addressing non-Hermitian interacting topological states.
Note added -While finalizing this manuscript, we became aware of Ref. [43] on bulk boundary correspondence from a Green's function perspective in truly non-Hermitian topological phases (Fig.  1 , bottom panel center). These authors find an absence of generic bulk-boundary correspondence due to the drastic change in the Green's function under periodic versus open boundary conditions. This result is consistent with the anomalous skin effect case described in Table I , where the bands do not survive open boundary conditions and highlights general nature of the doubled Green's function approach presented above.
